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This Letter introduces unexpected diffusion properties in dense granular flows, and shows that
they result from the development of partially jammed clusters of grains, or granular vortices. Trans-
verse diffusion coefficients D and average vortex sizes ` are systematically measured in simulated
plane shear flows at differing inertial numbers I revealing (i) a strong deviation from the expected
scaling D ∝ d2γ˙ involving the grain size d and shear rate γ˙ and (ii) an increase in average vortex
size ` at low I, following ` ∝ dI− 12 but limited by the system size. A general scaling D ∝ `dγ˙ is
introduced that captures all the measurements and highlights the key role of vortex size. This leads
to establishing a scaling for the diffusivity in dense granular flow as D ∝ d2√γ˙/ti involving the
geometric average of shear time 1/γ˙ and inertial time ti as the relevant time scale. Analysis of grain
trajectories further evidence that this diffusion process arises from a vortex-driven random walk.
Shear-induced diffusion underlies key properties re-
lated to mixing, heat transfer and rheology of granu-
lar materials [1, 2]. For instance, it counterbalances size
segregation in polydispersed granular flow down a slope,
thereby affecting the dynamics of landslides and snow
avalanches [3–5]. It also produces strong convective heat
fluxes across granular sheared layers [6].
In dense granular flows, shear-induced diffusion is usu-
ally modelled by expressing a diffusivity D [m
2
/s] in
terms of the natural length and time scales, the grain
size d [m] and shear rate γ˙ [s
−1] [1, 2, 7, 8]:
D ∝ d2γ˙ (1)
The typical grain trajectory leading to this scaling is a
random walk with a step of the order of d and random
changes in direction at a typical frequency γ˙. However,
the internal kinematics of dense granular flows do not
simply follow such a random walk.
Firstly, the typical duration of grain rearrangement -or
plastic events- within the flows was shown to correspond
to a time scale ti = d√ ρP , named inertial time, involv-
ing the grain density ρ and the normal stress P . Dense
granular flows were found to correspond to small values
of the inertial number I ≪ 1, defined as [9, 10] :
I = γ˙ti. (2)
Interestingly, small values of I implies that the time scale
for these grain rearrangements is much shorter than the
shear time, ti ≪ γ˙−1. Secondly, grain kinematics in dense
granular flows may exhibit strong spatial correlations for
short periods of time [11–17]. Whether and how these
kinematic features could affect the diffusive property, in
particular the scaling (1) remains poorly explored.
The purpose of this Letter is to establish the scaling of
the diffusivity D in dense granular flows, and to identify
its origin in terms of internal kinematics.
Measuring shear-induced diffusion.—We used a dis-
crete element method to simulate plane shear flows in a
bi-periodic domain prescribing both the shear rate γ˙ and
normal stress P (see Figure 1(a)). This flow geometry
avoids any stress gradient and walls, and thus produces
homogeneous flows in which shear rate, shear and nor-
mal stresses, and inertial number I are spatially constant.
This enables tracking grains diffusing across the shear di-
rection over long distances, while they always experience
the same flow conditions.
Simulated grains are disks which diameters are uni-
formly distributed in the range d± 20% in order to avoid
crystallisation. They interact via dissipative, elastic and
frictional contacts characterised by a Young’s modulus
E = 1000P , a normal coefficient of restitution e = 0.5,
and a friction coefficient of 0.5 for frictional grains and 0
for frictionless grains. In the dense regime, the value of
E and e do not significantly affect the flow properties [9].
This method was used to simulate flows of differing
inertial numbers within the range 7× 10−4 ≤ I ≤ 5× 10−1,
in systems of differing size in the range 20 ≤ H/d ≤ 120.
The numerical experiments start by randomly placing
grains with no contact. Then, normal stress P and shear
rate γ˙ are simultaneously applied until a steady state is
FIG. 1. (a) Plane shear geometry with biperiodic boundary
conditions (dashed lines). (b) Schematic of Delaunay trian-
gulation and computation of relative velocities for triplet of
grains.
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FIG. 2. Time evolution of mean square displacement ⟨∆y2⟩
for different values of inertial number I for (a) frictional grains
and (b) frictionless grains (system size H/d = 120). (c) Mea-
sured diffusivity D versus inertial number I for systems of
differing size with H/d = 20 (diamonds), 30 (triangles), 60
(circles), 120 (squares). Hollow and filled symbols represent
frictional and frictionless grains, respectively. Inset: Varia-
tion of the constant B (see text) with different system size.
reached. All measurements reported below are performed
over a period of time of 25/γ˙ corresponding to 25 shear
deformations, after the flow has reached a steady state.
The primary quantity of interest in quantifying the
shear-induced diffusion is the mean square displace-
ment of grains across the shear direction, defined as:⟨∆y2⟩(t) = 1
N ∑Ni=1(yi(t = 0)−yi(t))2, where the sum runs
on all the grains in the shear cell. A normal -diffusive be-
haviour, such as induced by a 1d-random walk, would
lead to a mean square displacement increasing linearly
with time, ⟨∆y2⟩(t) = 2Dt. By contrast, grains mov-
ing up or down at a constant speed v would lead to a
quadratic scaling ⟨∆y2⟩(t) = vt2, corresponding to a su-
per -diffusive behaviour.
Figures 2(a-b) show the time evolution of mean square
displacements for frictional and frictionless grains, and
for different values of the inertial number I. They evi-
dence the existence of a super-diffusive behaviour until
flows undergo a fraction of shear deformations, followed
by a normal diffusive behaviour at larger deformation - a
result consistent with previous observation [2, 7, 8, 11].
Figure 2(c) shows the value of diffusivity D normalised by
d2/ti, obtained by fitting the mean square displacement
at larger deformations (tγ˙ > 2) by the function 2Dt. Thus
normalised, the scaling (1) would predict D
d2/ti ∝ I.
By contrast, figure 2(c) reveals a significant breakdown
of the scaling (1) at low inertial numbers. Instead, three
regimes appear. At large I, the expected scaling (1) is
recovered, with D ≈ Ad2γ˙ and A ≈ 0.13. For the lowest
values of inertial number, the scaling (1) is also recovered,
with D ≈ Bd2γ˙, however, it then involves a constant B
much greater than A, which seemingly increases linearly
with the system size (see inset of figure 2(c)). For in-
termediate inertial numbers, the scaling (1) is not valid.
The diffusivity is then no longer directly proportional to
the shear rate, for both frictional and frictionless grains.
These results show that the diffusivity at low inertial
number are significantly larger than the prediction of (1)
measured for high I. They further indicate that this
enhancement becomes more acute for systems with larger
width H.
Granular vortices length scale `—Let us now seek to ra-
tionalise the measured diffusivities by analysing the grain
kinematics within the flows. One approach would be to
express diffusivity in terms of velocity fluctuations δv,
which leads to a scaling of the form D ∝ dδv. However,
in the supplemental material [18], we show that this scal-
ing cannot fully capture the diffusivity, with its predic-
tion getting worse for smaller systems and frictionaless
grains. Instead, we introduce in the following an analy-
sis based on the existence and size of jammed clusters of
grains, which are hereafter referred as granular vortices.
In this aim, we developed the following method to
detect vortices, involving two steps: (i) identifying at
any point in time triplets of neighbouring grains consid-
ered kinematically jammed, and (ii) aggregating jammed
triplets sharing two common grains into a larger vor-
tex. Triplets of neighbouring grains are identified us-
ing a Delaunay triangulation. The criteria used to de-
fine whether a triplet is jammed is based on the relative
normal velocity of the three pair of grains ∣∆vk ∣max =
max(∣∆vk12∣; ∣∆vk13∣; ∣∆vk23∣) (see Fig. 1(b)). A triplet is
considered kinematically jammed if all of the three rela-
tive normal velocities are smaller than the average rela-
tive normal velocity ⟨∣∆v∣⟩ between all pair of neighbour-
ing grains in the full system, i.e. triplet k is jammed if∣∆vk ∣max < ⟨∣∆v∣⟩. The outputs of this method include a
list of vortices at any point in time, each being comprised
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FIG. 3. Granular vortices. (a,b) Snapshots illustrating granular vortices, i.e. triplets of kinematically jammed grains shown in
magenta for I = 0.1 (a) and 0.001 (b) for H/d = 120 system with frictional grains. (Movies available online [18]) (c) Average
vortex size ` versus inertial number I for frictional grains and frictionless grains in systems of differing size H. Symbols represent
same configurations as those in figure 2(c). Inset (i): Correlation function g(r) measured in flows of differing inertial numbers
ranging from 0.5 to 0.001 for H/d = 120 system with frictional grains. Inset (ii): Same plot as (c) but rescaled with the system
size H and a power of inertial number.
of a list of jammed grains. Snapshots of jammed grains
are shown in figure 3(a,b). Alternative vortex detection
methods and more details on the method used here are
discussed in the Supplemental Material at [18].
In order to quantify the average vortex size, we define a
correlation function g(r) measuring the probability that
two grains at a distance r belong to the same vortex.
g(r) is calculated using randomly picked one hundred
snapshots. Figures 3(c-i) shows that, for smaller inertial
numbers, these correlation functions exhibit a higher tail,
indicating a higher probability of finding large clusters.
The average vortex size ` is then deduced from g(r) as:
` = ∑r(r + d)g(r)∑r g(r) . (3)
The average on r+d, rather than r is chosen to represent
the distance between the centre of the two grains r plus
their outer halves d.
Figure 3(c) shows the average vortex size measured in
flows of differing inertial number I and widthsH. At high
inertial numbers (I ≳ 0.1), it appears that the vortex size
is nearly constant and close to one grain size (` ≈ d). At
intermediate inertial numbers, it seemingly scales like:
`
d
∝ I− 12 (4)
It ultimately reaches a maximum value `max at smaller
inertial numbers, which is proportional to the system
size, lmax ≈ H/4. The scaling (4) and system size ef-
fects are further highlighted on figure 3(c-ii). These ob-
servations indicate that while vortices tend to grow as
the inertial number decreases, this growth is eventually
limited by the system size.
Scaling of diffusivity with `—Figures 4 (a,b) shows a
collapse of the mean square displacements in the normal-
diffusive regime when plotted as a function of tγ˙`/d in-
stead of tγ˙. Consistently, figure 4(c) shows a linear in-
crease of the ratio D
d`/ti with the inertial number I, which
leads to the following scaling for the diffusivity:
D ∝ d`γ˙. (5)
This scaling captures all the measured diffusivities in
flows of differing inertial numbers I and width H.
Introducing the scaling (4) of the vortex size into (5)
leads to the following expression for the diffusivity:
D ∝ d2√ γ˙
ti
, (6)
which applies when the vortex size is not limited by the
system size and involves the geometric average of the
shear time 1/γ˙ and inertial time ti. When the vortex
size is limited by the system size, i.e. when I ≲ ( d
H
)2
according to (4), the diffusivity would scale like D ∝
d`maxγ˙ ≈ dHγ˙, consistent with figure 2(c-inset).
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FIG. 4. Time evolution of mean square displacement ⟨∆y2⟩
for different values of inertial number I for frictional grains
(a) and frictionless grains (b) of system size H/d = 120. (c)
Measured diffusivity D versus inertial number I and vortex
size ` for systems of differing size H. Dashed line represents
the function D/(d`/ti) = 0.08I. All the symbols represent the
same configurations as those in figure 2.
A vortex-induced random walk —A random walk of
step s and frequency f would lead to a mean square
displacement exhibiting a super diffusive behaviour
(⟨∆y2⟩(t) = (sf)2t2) at times shorter than f−1, reach-
ing the value ⟨∆y2⟩(f−1) = s2 at time f−1, and follow-
ing a normal diffusive behaviour afterward (⟨∆y2⟩(t) ∝
2s2ft). This is precisely the pattern evidenced on fig-
ure 4(a,b), which shows a transition from super-diffusive
to normal-diffusive behaviour at time t ≈ d
`γ˙
, with a
mean square displacement reaching a value of approxi-
mately (0.3d)2. This suggests that grain trajectories in
dense granular flows follow a random walk of typical step
s ≈ 0.3d and frecquency `
d
γ˙, which may be orders of mag-
nitude higher than γ˙.
This observation is consistent with a scenario involving
vortices of size ` rotating at speed γ˙ for a short amount
of time [19]. Grains at the vortex periphery would then
move at an average speed `γ˙ and take a time d/(`γ˙) to
cover a distance of the order of d, leading to the super-
diffusive regime. After this period of time, these grains
would become part of a different vortex which would
make them move a different direction, producing a new
step for the random walk. This scenario points out a typ-
ical vortex life-time tv scaling like d/(`γ˙). In the dense
regime, when vortices are not affected by the system size,
this vortex life-time can be expressed as:
tv ∝ d
γ˙`
∝√ ti
γ˙
. (7)
The diffusivity (6) can then be expressed as a function of
the vortex life time as:
D ∝ d2
tv
. (8)
Accordingly, one can interpret shear-induced diffusivity
in dense granular flow to arise from a random walk with
a step of the order of d, and with a frequency t−1v con-
trolled by the vortex life-time rather than by the shear
rate γ˙. As a result, during one shear deformation time
(1/γ˙) there will be 1/(tvγ˙) = `/d number of vortex ran-
dom steps, which ultimately results in the enhancement
of the diffusion. This contrasts with eq (1) which assumes
a single random step per shear deformation.
Conclusion—This study shows that the existence of
vortices greatly affects shear-induced diffusion in dense
granular flows. A key scaling law (5) is evidenced that
relates the diffusion D to the vortex size. This scal-
ing law could help rationalising shear-induced diffusive
behaviours in other glassy materials such as dense sus-
pensions [20], Lennard-Jones glasses [21], foams [22] and
emulsions [23], which also exhibit correlated kinematics
fields.
For unbounded dense granular flows, a second scaling
(4) is evidenced that relates the vortex size to the inertial
number. These two scalings indicate that the diffusivity
is then directly defined by the grain size and a geometric
average of the shear and inertial time, as in (6). This ex-
pression can readily be used in continuum hydrodynamic
models of dense granular flows.
Finally, the analysis of the grain trajectory indicates
that granular vortices are short lived, with a typical life
time given by (7) that can be orders of magnitude shorter
than the shear time. This time scale is reminiscent of
velocity auto-correlation decay time [24] and various re-
arrangement time scales [25] measured in other glassy
systems. Besides explaining diffusive properties, this fea-
ture could help rationalise rheological properties of dense
granular flows such as non-local behaviours [15, 26].
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DIFFUSIVITY IN TERMS OF VELOCITY
FLUCTUATIONS
An alternative to the scaling D ∝ d2γ˙ can be formu-
lated based on the average velocity fluctuation δv within
the flows, as:
D ∝ dδv (1)
In dense granular flows, velocity fluctuations do not sim-
ply scale like dγ˙ but rather scale like δv
dγ˙
∝ I−1/2 [1–4],
or:
δv ∝ d√ γ˙
ti
(2)
Interestingly, this leads to a scaling D ∝ d2√ γ˙
ti
similar to
the one we evidenced in large systems, when the vortex
size is not limited by the system size.
Figure S1 shows the velocity fluctuations and diffusiv-
ities measured in the plane shear flows in order to assess
the validity of the scaling (1) and (2). It appears that
velocity fluctuations deviates from (2) for small systems
of frictional grains. More importantly, for both frictional
and frictionless grains, the diffusivities are not captured
by the linear relationship (1).
As shown in figure S1(e), the super-diffusive part of the
mean square displacement curves are well collapsed when
rescaling the time by the velocity fluctuations. However,
due to the nature of the curves, the normal diffusive part
does not collapse. On the otherhand, when we use the
vortex size to rescale time for the same mean square dis-
placement curves, the normal diffusive part is well col-
lapsed as shown in figure S1(f).
This indicates that the knowledge of velocity fluctu-
ation alone is not sufficient to predict the diffusive be-
haviour of dense granular materials. By considering a
typical length scale of the velocity fluctuations, the anal-
ysis in terms of vortices proposed in the main paper is
able to overcome this limitation.
MEASURING VORTEX SIZE
There exists a number of methods capable of measur-
ing a length scale from kinematic fields (see [5] and refer-
ences therein). For instance, one could measure the spa-
tial correlations of velocity or vorticity field [6–8]. Cor-
relation of vorticity would be best suited to detect clus-
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FIG. S1. (a-b) Velocity fluctuation as a function of inertial
number and (c-d) Diffusion coefficient as a function of velocity
fluctuation for systems of differing size with H/d = 20 (dia-
monds), 30 (triangles), 60 (circles), 120 (squares). Hollow and
filled symbols represent frictional and frictionless grains, re-
spectively. (e-f) Time evolution of mean square displacement⟨∆y2⟩ for different values of inertial number I for frictionless
grains and system size H/d = 30.
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FIG. S2. The measured values of the vortex size as a function
of inertial number using various ∆t (left, with α = 1) and α
(right, with ∆t = 0.1/γ˙) for system of size H/d = 60 with
frictional grains.
ters of grains experiencing a rigid body rotation, given
that the vorticity within such clusters should be con-
stant while the velocity would vary radially. In [7, 8],
correlation-based methods were used leading to evidenc-
ing a length scale increasing with dI1/2; these results are
consistent with those presented here. Nonetheless, the
output of a correlation function in a system featuring a
wide range of sizes is not obvious to interpret, and there
a chance that the measured length scale may be biased
toward smaller or larger cluster size. For example, cor-
relation lengths may be biased towards measuring the
size of transient shear bands (i.e. boundary between two
vortices) instead of measuring the size of vortices.
The method we used was developed to overcome this
uncertainty by directly detecting individual vortices de-
fined as clusters of jammed grains. By definition, these
clusters should move as rigid bodies, both by translation
and rotation. The method is based on a criteria defin-
ing whether a triplet of grains is considered jammed. We
have used a criteria involving a time averaged grain ve-
locities over some time step ∆t and a relative velocity
threshold α∣∆v∣∆t, where ∣∆v∣∆t is the average relative
pairwise velocity in the system. The grain velocities are
thus defined as:
vx,∆t = ∆x/∆t; vy,∆t = ∆y/∆t, (3)
and a triplet is considered jammed if:
α∣∆v∣∆t <max(∣∆vk12∣∆t; ∣∆vk13∣∆t; ∣∆vk23∣∆t). (4)
Tunning the values for ∆t and α leads to including or
excluding some of the triplets from the jammed list.The
value of these parameters are thus expected to ultimately
affect the number and size of identified clusters. For in-
stance, a value α = 0 would exclude nearly all triplets,
as it is unlikely that all three grains move exactly at the
same speed. Conversely, a large value of α would lead to
considering all triplets jammed, forming one single large
cluster.
In the main text, we used α = 1 and ∆t = 0.1/γ˙, which
is a large enough time step to average high frequency ve-
locity fluctuations resulting from grain rearrangements.
Figure S2 shows how the measured vortex size ` depends
on these parameters. It appears that, although the ab-
solute values of the vortex size do change with these pa-
rameters, their relative scaling with the inertial number
remains unchanged.
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